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ARITHMETIC MCKAY CORRESPONDENCE
JIAN ZHOU
Abstract. We propose an arithmetic McKay correspondence which relates
suitably defined zeta functions of some Deligne-Mumford stacks to the zeta
functions of their crepant resolutions. Some examples are discussed.
1. Introduction
Let X be an orbifold (smooth Deligne-Mumford stack) with coarse moduli space
X = |X | and let pi : Y → X be a crepant resolution. As suggested by string theory
on orbifolds [6, 18], invariants of Y should coincide with suitably defined orbifold
invariants of X when X satisfies the Gorenstein condition. This is often referred to
as the McKay correspondence in the mathematical literature. See Reid [11] for an
exposition of some examples for classical invariants, e.g. Euler numbers, cohmomol-
ogy groups, K-theory and derived categories, etc. The correspondence between the
Gromov-Witten invariants of Y and the orbifold Gromov-Witten invariants of X is
called the quantum McKay correspondence. For example, the Crepant Resolution
Conjecture of Ruan [14] states that the small orbifold quantum cohomology of X
is related to the small quantum cohomology of Y . There have recently appeared
much work and some generalizations of this conjecture, see e.g. [3, 20] and the
references therein.
The McKay correspondence and the quantum McKay correspondence are usually
considered over the field of complex numbers. It is very natural to consider their
arithmetic versions by considering good reductions X (Fq) over a finite field Fq.
Motivated by the Weil Conjecture and McKay correspondence, we will define an
orbifold zeta function Zorb(X , t) and conjecture that
(1) ZXorb(t) = Z
Y (t),
where ZY (t) is the zeta function of Y . We will refer to this equality as the arithmetic
McKay correspondence. We will provide some examples in this paper.
During the preparation of this work, we notice that Rose [13] defines an l-adic
cohomology version of the Chen-Ruan cohomology ring and defines an orbifold
cohomological zeta function using the orbifold arithmetic Frobenius action. He
makes a similar conjecture using his zeta function.
2. Arithmetic McKay Corresondence
2.1. Zeta functions of algebraic varieties. Let k = Fq be the finite field with
q elements, and let k¯ be its algebraic closure. Suppose that X is a scheme of finite
type over k, and let X¯ := X ×Speck Spec k¯. For every integer r ≥ 1, denote by
N(X(Fqr)) the number of Fqr -rational points of X¯. Define the zeta function of X
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by
(2) ZX(t) = exp
(∑
r≥1
N(X(Fqr ))
tr
r
)
.
By the Weil Conjecture [4], for X a smooth projective variety of dimension n over
k = Fq, the zeta function Z
X(t) has the following properties:
(a) (Rationality) ZX(t) is a rational function of t:
(3) ZX(t) =
P1(t)P3(t) · P2n−1(t)
P0(t)P2(t) · · ·P2n(t)
,
where P0(t) = 1 − t, P2n(t) = 1 − q
nt, and for 1 ≤ i ≤ 2n − 1, Pi(t) is a
polynomial in Z[t],
(b) (Betti numbers) If X is obtained from the reduction of a projective variety
Y over C, then one has for 1 ≤ i ≤ 2n− 1
(4) degPi(t) = bi(Y ),
where bi(Y ) is the i-th Betti number of Y .
(c) (Functional equation) Let χ(X) be the self-intersection number of the di-
agonal ∆ ⊂ X ×X . Then ZX(t) satisfies the following equation:
(5) ZX(
1
qnt
) = ±qnχ(X)/2tχ(X)ZX(t).
(c) (Analogue of the Riemann hypothesis) The polynomials Pi(t) can be writ-
ten as:
(6) Pi(t) =
bi∏
j=1
(1 − αijt),
where the αij ’s are algebraic integers with |αij | = q
i/2.
Some of these properties also hold for singular varieties.
2.2. Zeta functions of Gorentstein Deligne-Mumford stacks. Let X be a
smooth Deligne-Mumford stack with coarse moduli space X over Fq. Denote by
IX =
∐
i IiX its inertia stack, where each IiX is a connected component. Suppose
that q is coprime to the order of the automorphism group of each object in X . Then
one can define the age function age : IX → Q. We say X is Gorenstein if the age
function takes integral values.
For a smooth Gorenstein Deligne-Mumford stack X over Fq , define
(7) Norb(X (Fq)) =
∑
i
qage(Ii(X ))N(|IiX|(Fq)),
where |IiX| is the coarse moduli space of Ii(X ). Define the orbifold zeta function
Zorb(X ) by:
(8) ZXorb(t) = exp(
∑
r≥1
Norb(X )
tr
r
).
This zeta function contains information about the orbifold Betti numbers of
X (C) by the Lefschetz trace formula for Deligne-Mumford stacks [2].
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2.3. Arithmetic McKay correspondence. Suppose that X is a smooth Goren-
stein Deligne-Mumford stack X over Fq, such that there is a crepant resolution
pi : Y → X = |X |, then we conjecture that:
(9) Norb(X (Fq)) = N(Y (Fq)),
and so
(10) ZXorb(t) = Z
Y (t),
when q is coprime to the order of the automorphism groups of objects in X . We will
refer to this equality as the arithmetic McKay correspondence. By the Lefschetz
trace formula for Deligne-Mumford stacks [2], we also conjecture that the smooth
cohomology H∗(X sm,Ql) of X is isomorphic to the e´tale cohomology H
∗
et(|X |,Ql)
of the coarse moduli space |X |, and the arithmetic Frobenius actions on these
spaces can be identified. We hope our conjecture sheds some light on the results of
[1, 5, 9, 17].
3. Some Examples
3.1. The case of Kleinian singularities. It is well-known that the binary poly-
hedral groups G ⊂ SL(2) are finite algebraic groups. For their realizations and
invariants see [15]. We will now verify the arithmetic McKay correspondence for
the stacks [A2/G]. The coarse moduli space |A2/G| has a Kleinian singularity:
Cyclic group xy = zn,(11)
Binary dihedral group x2 + y2z + zn+1 = 0,(12)
Binary tetrahedral group x2 + y3 + z4 = 0,(13)
Binary octahedral group x2 + y3z + z3 = 0,(14)
Binary icosahedral group x2 + y3 + z5 = 0.(15)
Now I[A2/G] has k twisted components, each has only one object and each is of
age 1, where k is the number of nontrivial conjugacy classes. Therefore,
(16) Norb([A
2/G](Fq)) = N(|A
2/G|(Fq)) + kq.
On the other hand, the minimal resolution ̂|A2/G| is a crepant resolution, and the
exceptional divisor is a nodal curve with k components which are isomorphic to P1;
furthermore, there are exactly k − 1 nodal points. Therefore,
N(̂|A2/G|(Fq)) = N(|A
2/G|(Fq))− 1 + kN(P
1(Fq))− (k − 1)
= N(|A2/G|(Fq))− 1 + k(q + 1)− (k − 1)
= N(|A2/G|(Fq)) + kq.
Hence by comparing with (16), we have
(17) N(̂|A2/G|(Fq)) = Norb([A
2/G](Fq)).
We conjecture that
(18) N(̂|A2/G|(Fq)) = Norb([A
2/G](Fq)) = q
2 + kq,
i.e., N(|A2/G|(Fq)) = q
2, and so
(19) Z
[A2/G]
orb (t) = Z
̂|A2/G|(t) =
1
(1 − q2t)(1 − qt)k
.
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We can check the following cases. For the cyclic group case, the equation
xy = zn
clearly has q2 solutions in F2q. Indeed, for z = 0, we have 2q − 1 solutions: x = 0,
y ∈ Fq arbitrary or x ∈ F
∗
q , y = 0; for z ∈ F
∗
q , we have (q − 1)
2 solutions: y, z ∈ F∗q
arbitrary and
x =
1
y
zn.
For the binary tetrahedral group case, when 3 6 |(q − 1), there is a unique solution
to each equation y3 = a (a ∈ Fq) because F
∗
q is a cyclic group of order q − 1.
Therefore, we can take x, z ∈ Fq arbitrary, and take y to be the unique solution
to y3 = −x2 − z4. Similarly, in the binary icosahedral case, when 3 6 |(q − 1) or
5 6 |(q − 1), the equation x2 + y3 + z5 = 0 has q2 solutions.
3.2. The case of Georenstein singularities in dimension 3. Let G ⊂ SL(3)
be a finite group. They have been classified over C by Miller et al. [10]. For
the crepant resolution ̂|A3/G| of |A3/G| in the complex case see Roan [12] and
the references therein. We expect that it is possible check the arithmetic McKay
correspondence using explicit constructions of the crepant resolutions. For example,
let µ3 act on A
3 by multiplication by ξ3, a primitive root of unity of order 3. There
are two twisted sectors, one with age 1 and one with age 2. Therefore,
(20) Norb([A
3/µ3](Fq)) = N(|A
3/Z3|(Fq)) + q + q
2.
The exceptional divisor of the crepant resolution of |A3/µ3| is P
2, therefore,
(21) N(Â3/µ3(Fq)) = N(|A
3/µ3|(Fq))−1+N(P
2(Fq)) = N(|A
3/µ3|(Fq))+q+q
2.
Hence we get:
(22) Norb([A
3/µ3](Fq)) = N(Â3/µ3(Fq)).
For another example, let a generator of µ5 act on A
3 by the diagonal matrix
diag(ξ5, ξ
2
5 , ξ
2
5). Then [A
3/µ5] has four twisted sectors, with ages 1, 1, 2 and 2,
respectively. Therefore,
(23) Norb([A
3/µ5](Fq)) = N(|A
3/Z3|(Fq)) + 2q + 2q
2.
The exceptional divisor of the crepant resolution of |A3/µ5| is a copy P
2 glued to a
copy of the Hirzebruch surface P(OP1 ⊕OP1(3)) along with a copy of P
1, therefore,
N(Â3/µ5(Fq))
= N(|A3/µ5|(Fq))− 1 +N(P
2(Fq)) +N(P(OP1 ⊕OP1(3))(Fq))−N(P
1(Fq))
= N(|A3/µ5|(Fq))− 1 + (1 + q + q
2) + (1 + q)2 − (1 + q)
= N(|A3/µ5|(Fq)) + 2q + 2q
2.
Here we have used the following fact: For a fiber bundle X → B with fiber F over
Fq, we have
(24) N(X(Fq)) = N(B(Fq)) ·N(F (Fq)).
Hence we get:
(25) Norb([A
3/µ5](Fq)) = N(Â3/µ5(Fq)).
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Similar to the two dimensional case, we conjecture the following equality
(26) N(|A3/G|(Fq)) = q
3
holds for a finite group G ⊂ SL(3).
3.3. Symmetric products and Hilbert schemes of algebraic surfaces. Let
X be a smooth projective surface defined over Fq. Denote by X
(n) = |Xn/Sn|
the n-th symmetric product of S and by S[n] the Hilbert schemes of 0-dimensional
subscheme of length n. According to Forgarty [7], the Hilbert-Chow morphism
pi : X [n] → X(n) is a crepant resolution. The components of I(Xn/Sn) are pa-
rameterized by partitions µ := 1m1 · · ·nmn of n, where m1, . . . ,mn are nonnegative
integers such that
n∑
i=1
mii = n.
Denote by X
(n)
µ this component. It is isomorphic to
∏n
i=1X
(mi), with age aµ :=∑n
i=1mi(i − 1) (see e.g. [19]). According [8, p. 196],
∞∑
n=0
N(X(n)(Fq))t
n = ZX(t) = exp
∞∑
r=1
N(X(Fqr ))
tr
r
.
Therefore, we have
∞∑
n=0
QnNorb(X
(n)(Fq)) =
∑
n≥0
Qn
∑
µ⊢n
qaµN(X(n)µ (Fq))
=
∞∑
n=0
Qn
∑
P
n
i=1
mii=n
q
Pn
i=1
mi(i−1)
n∏
i=1
N(X(mi)(Fq))
=
∞∏
i=1
∞∑
m1=0
(qi−1Qi)miN(X(mi)(Fq)) =
∞∏
i=1
ZX(qi−1Q).
The key technical result in [8] is (Lemma 2.9 on p. 203):
(27)
∞∑
n=0
QnN(X [n](Fq)) =
∞∏
i=1
ZX(qi−1Q).
This is equivalent to the arithmetic McKay correspondence in this case:
Norb(X
(n)(Fq)) = N(X
[n](Fq)).
Suppose that Y is a projective surface acted on by a finite group G such that
the singularities of |Y/G| are Kleinian singularities. Let pi : X → Y be its crepant
resolution. Now the wreath product group Gn acts on Y
n and we have a crepant
resolution X [n] → |Y n/Gn|. The inertia stack of [Y
n/Gn] is described in [16,
§2.1], and the ages are computed in [16, §3.2]. It is straightforward to combine
Go¨ttsche’s result and the results for Kleinian singularities in §3.1 to verify the
arithmetic McKay correspondence in this case:
Norb(|Y
n/Gn|(Fq)) = N(X
[n](Fq)).
The details are left to the interested reader.
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